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TECHNICAL MEMORANDUM NO, 884

CALCULATION CF THE INDUCED EFFICIENCY OF
HEAVILY LOADED PROPELLERS HAVING INFINITE NUMBER OF BLADES*

By F. Losch
SUMMARY

Based on a suggestion made by L. Prandtl, the present
report contains an approximate method of computing the in-
duced efficiency of heavily loaded propellers in suitable
form for extension to finite number of blades, and a com-
parison of the results obtained by this siwple method with
the data of the Betz-Helubold theory for heavily loaded
provellers., It ig found that - guite apart from the accord
in the limiting case of light loading - good agreement ob-
tains for relatively low as for relatively high coeffi-
cients of advance. A direct calculation of the (cg, My)
curves by the two methods affords excellent agreement up

to my = 0.5, even for effiedonces in the neighborhood of
0.5, 1, 2. s

Notation
P, air density
R, propeller radius

T, distance of any propeller element from the axis

X = i, nondimensgional radial coordinate of any propel-
R ler element
F_ = TrRa, swept-disk area of propeller

¢ , 11Ft_drag ratio of profile
b ~
wp, angular velocity

*1Tper die Berechnung des induzierten Wirkungsgrads stark
belasteter Luftschrauben unendlicher Blattzahl." TLuftfahrt-
forschung, vol. 15, no. 7, July 6, 1933, pp. 321-325,
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w_, tip speed
P
v, velocity of advance
X, coefficient of advance
u .
w, impact velocity
I, sli
T slip
arc tan , angle of advance

T W

b

v o+ oW |

arc tan -——w————, induced angle of advance
r wy )
w,, axial component of the interference velocity at
" the blade '

Wy tangential component of the interference velocity

at the blade
w. = 1 2 1 2, total interference veloc-
2= Agm) G

ity at the blade

1 2
5 Cs PV F,, thrust
1 3 bop i@ ¥

Cqs coefficient of thrust loading
¢y, coefficient of power loading

-— for €& = 0, induced efficiency

ﬁT’ induced coefficient of advance
1

()

P(r)’ total circulation about the blade sections at

distance r from the axis

Wp I,(w) _ #

1 x ‘
—-—————eee , ‘nondimensional
§ A VW x2 +%ia
2 <i + 5 >
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circulation ‘&istridvution

TRy = Kg. (Ay) = . _ . Ldx

=
it

1. INTRODUCTION

Visualize a propeller of "infinite" blade number mov-
ing ‘with coefficient of advance A in a free sgstream. Let

cy and Cy> respectively, denote ite thrust loading and

power loading computed for vanishing profile liai/%rag ra-

Q
[42]

tio ¢ so that ny = is its induced efficiency, The

P cy
oroblem in the following involves the solution of the re-~
lationsnip between Ti» Cgq» and A for the case of heavy

loading, Thereby it is assumed that the propeller is an
"Toptimua" propeller in the usual sense, i.,e,, produces a
given tarust with least possible enecrgy loss,

2., AFPROXIMATE METIOD OF COMPUTING THE INDUCED EFFICIENCY

ACCORDING TO L. PRAVDTL

One approximate method for computing the desired rela-

tionship between m;, cg, and A ties in with the case

of light loading. In this case the flow sufficiently down-
stream frow a propeller having ninimum cnergy loss is, ac-
cording to Betz (reference 1, pp. 69-70), as if the path
covered by each propeller blade (a helical surface whose
Pitch at distance r from the axis is given by the angle

of advance B8 = arc tan _z_) had congealed and shifted
' rw
P
backward at a definite velocity, called the impact velocity
w (fig. 1). On the basis of thie theorom, the interference

velocity at the blade can be computed in the following
known manner (cf. reference 1, pp. 88-89):

Since Betz's go-called helical surfaces lie close to-
gether on the propeller of infinite blades, the interfer-
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ference velocities are axially symmetrical in respect to
the axis of the slipstream, that is, their magnitude de-
pends solely upon the distance r from the axis., More-
over, the interference velocities are perpendicular to the
helical surfaces created by their displacement at velocity
w (as a result of which the radial component of the inter-
ference velocity, particularly, disappears). Besides,
since, owing to the light loading, the slipstream contrac-
tion can be ignored, the intsrference velocities in the
swept-disk area are half as great as in the developed slip-

stream. Therefore, if % LA indicates the axial component,
; W, the tangential component, and % LA the total inter-

ference velocity at the blade, the components at distance
r from the axis can be expressed (as shown in figure 2) by
w as follows: -

1 _ 1
S Wy, = 5 W cos g
hence:
1 _ - L 2
> Wa = 5 W, cos B = S w cos® B
% Wy = % Wn sin B = % w sin B cos B

and, as a result of tan g = v/r wp
s
(r w_) v(r wy)

+ (r w)? 2 2
( e v +(I'U)p>

L
2t

AV Lol

va

or, after introduction of the nondimensional radial coordi-

nate X = E,
R
xg A
1 1 1 1 X
LW, = =W s oE W = W e (2)

According to a remark by L., Prandtl (reference 1, p. 89)
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the foregoing formulas afford a practical approximation
for the interference velocities on moderately loaded pro-
pellers, when v 1is replaced by v +“% w,” through which
. Al . T

_ vV + =W
the induced angle of advance ;3 = arc tan = 2 takes
Towy,

the place of the angle of advance B (fig. 3). Then egua-
tions (1) read: -

2
: N
N (7 wp)
2 * 2 1N -2
L r
(v + 2‘w> + ( ub)
> (3)
<v+lw>rw
1 1 . 2 p
—Wt=—w
2 2 2 2
<v+%-w} +(rwp)
/ 4
or, after introducing x and the slip 9 = 3,
2
1 1 x 3\
-é-Wa"—"E'W P
x2+>\a/l+2>
\ 2
. (4)
ety
1 1 : 2
-W, = = W
2 k 2 2 2 ) 2
X 4+ A <l + - )
) 2

,/

From these equations both the thrust and the perform-
ance are directly obtainable by the Kutta-Joukowski theorem.
The total circulation -about all propeller elements at equal
distance r from the axis is:

= 27177 Wt /f
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and the ensuing elements of the axial.and tangentlal force
acting on the propeller are: : . :

d s = <r(n - =W > d r—-2Trp r w rw. - oW d r
: SRR

(oo) TN 1
d T=pT <v + 5 Wa/ dr=21mTPTr v, (v + E'Wa> d r

These expressions, when written in equation (4) fol-~
lowed by 1nte¢rat10n of d S and r ub d T over the whole

propeller; i.e., after 1ntrodact10n of x over x from O
to 1, give the thrust and performance as:

R
) o) - g 1
s:/ds=_nv238!4@(1+i\; ¢ x4 x
/ 2 L0 27, :
0 o n
1 x N (l + 3 >
2 (=) \ 2 ]
- 2% /q G = d x| (5)
J o (1+-‘?-> -
o} N 2

R : : 1
3 o - 5\ /"
N:/rw 4T =—mv> R® 4ef/1+-'°—> g<°°)xdx
3 ,

/
2 ﬁ\
2 (o) % A <1+-
_368(1+3§>/g Sl a x| (8
\ 2 / 2 a S N
(0 x+.7\<1+—)_A
2 /
(e
where G denotes the nondimensional circulation digtri-
bution
1 + Wy (00)‘ x"
.G_,<m): - __ P = -
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The induced efficienc& fbllbws direct from equations (5)
~.and (6) as: .

’ni.—_‘..iz—-z - " (7)

or inversely the slip expressed by the efficiency

2(1 - 'r\i)

= - (8)

M4

With regard to Kramor's application (réference 3) in

the following, it is recommended to transform the expres-
sion (equation (5)) for the thrust. To this end the in-

A
duced coefficient of advance %i = =— 1ig introduced and a
notation patterned after délnbold, is posed:

() (o) it x®
Koon = 4.1 (N) = - 4 ox (a, n whole, (9)
(2% 4+ M) pogitive)

Tuese integrals obviously comply with the relation
=4

(m) »(m) 2 (m)
Km+a,n+1 - I\‘m,n ~ Ny Km,n+1 (10)

Tith this notation we find:

S+ 3
/c-<°°) xdx=/ - x--dx=1c:,(,cf)

‘ 3 Y\ 2 ' 2 3 .
pr= 2 X ez ) e e
J _G_ d x= gv 8_8'dx=)\iK32
J 2ea21 4 2 )8 b (FAAY
o] \ 2

and introduced in equation (5) while allowing for
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BESIINEIMCO R0

31 i 32

applicable by virtue of equation (10),

R S GO NI
Cy = ——r————— = 4 K., o+ 2 K_, (11)
o) 2 2 .
-mR v

The elimination of ¢ from equations (8) and (11)

lcaves the desired relwtlonshl% between MT;., cg4, and A,
The evaluation of intcgrals KST and Kéz) gives
r 2. 1
K(m) =}.|1 - 7\i iIn <l +-—§-\: -I,
31 2 L AN /g
N 2
() r 2 ' 1 i
Kgp =f1-!1—27\i 1n(1+ 2>+—--——-3]
2 L \ 7\1 1 +7\i J

which, when wWritten into equutlon (11) along with ¢ from
quat10ﬂ (8), gives: .

2
4(1 - 1, r 2 N
O T reer———— il - (2-m;) N 1n (l%—-ﬂ-) + (1 -m,) ——————
8 2 L i N Ve i 2
N4 4 i 1 4+ Ai
(12)

3. METHOD OF COWPUTING THE INDUCED EFFICIENCY

ACCORDING TO BETZ-HELNMBOLD

Betz and Helmbold (recference 2) have developed a the-
ory for the heavily loaded propeller which allows for the
slipstream contraction, The relationship between thrust
and efficiency for the best propeller according to thelr
theory is as follows*:

*To preserve the modern standards of symbols, the notation
unged hereinafter differs from that employed in the Betz-
Helmbold report; particularly, the radii and velocities re-
lating to the developed jet are denoted with a dash, while
on the corresponding quantities relating to the propeller
circle the dash has been omitted,
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" With the customary optimum consideration for the

lightly loaded propeller, it is found first of all that

the most favorable thrust grading is-obtained. if..a small .~ .
increase in thrust is produced by a Gorresponalng circu- ‘Z
lation increase at every point of the propeller with the y
same efficiency. This also holds for heavy loading,

In the case of lightly loaded propeller, the effect
on the sllpstream is the same @s- i1f this supplementary
thrust weie applied at.a: point of the propeller circle
itself or at .a corresponding point of the slipstrcam. The
latter offcrs the advantage of invalidating the reaction
of the thrust aﬁéﬁﬁﬁ%@g_on the rest of the propcller, and
it leaves a gimple condition for the interference velocity
in the developed sliostream and hence for the thrust grad-
ing,

In the case ofaheavily loaded, propeller, on the other
hand, the shifting of the thrust &gma—a—%‘éw * inbthe slip-

stream is not summarily admissible., For, now an increase

in circulation and heunce of the thrust at any point r = r
of the propeller circle, results in increased axial flow
velocity at the propeller circle, once at point 1r = r,

itself, and then, on account of the increased jet rotation <
and the engendered rise in positive pressure in the jet, '
on the entire disk area 1 < ro;_consequently, more fluid
streams through the propeller circle than before the circu-
lation rise., Contrariwise, applying the same circulation
rise at a corresponding point of the slipgtream again re-
sults in increased axial flow velocity, but now, since the
amount of flow is given by the far upstream propeller cir-
cle, on which nothing is changed, it effectuates a supple-
mentary Jjet contraction. Hence, in order to obtain the

same developed jet and so the same thrust as with the circu~
lation rise at the propeller circle, the circulation in-
crcase which effects a supplementary thrust A S, must be
accompanied by an increase in jet, which involves a further
supplemental thrust A S;. Then, observing that the effect

of the jet increase A S, 1is proportional to the supple-
mentary thrust AS,, we obtain as thrudgt increase, which

corrcsponds to the gquestioned circulation increase at the
propeller circle itself,

AS=AS,+ A8, =C AS,

‘with € > 1.
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In the Betz-Helmbold theory, the decigive.assumption
is made that € 1is unaffected by the radiuvs r at which
the supplementary thrust is applied, It is slown that
this can be realized by suitadble (probably fairly little)
curvature of the swept-disk area, On these premises, the
optimum consideration can be carried on in the same manner
as for the lightly loaded propeller, Denoting with R!
the radius of the developed slipstream and with wy' and

wt', respectively, the axial and tangential component of
the interference velocity in the jet solely dependent upon
the distance 1! from the axis, the condition reads

v(r'(_uo — W+') ' .
el 2D (13)
T Ub(v + W, ') .

with M, < 1 unrelated to =r'. Introducing the auxiliary
guantitlies constant with ,ﬁl also over the total jet ra-

dius
v Wi
VvV, ==, Wy =7V, -7V, % = — (14)
N1 v

equation (13) can be written in the form

LY i ) (15)
= = 1 + 15

rtu. - wy'! r! rtw *
o t “p D

By combining this equation with the general relations
following from the energy balance and the consideration of
the centrifugal forces existing in the jot, w,' " and Wil

can be computed; it 1is
7

woi=mw, |1-%k =1, ml =k — -
2 1 N ' rtw
v +(rwp) _ o+ p)

- - L 8 - . vl(r'l,U )
0

1

with

VN NER N
1

1317\ >\1
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if, for the sake of abreviation, we put:

v . :

R! R w, 1 _ R wp

(fig. 4). Then the momentum equation gives the thrust
loading and the induced efficiency as:

/RN ® . ) 1
o, = \.1-{-> (1, + 1, =i (18)
and
1 i, +1
n, = ———— .r1+-—— > ] (19)
ool +d i, - 2i_ |

whereby*

[ a 1
2k §,(1 + 8 )il - AT 1n (l 4 \1
o N T e S

1

g w.! ? r"n d rt

(20)

~

. 2'
, 2 1 A,
1312 [l - 2k ?\1 in <1 4 5\—-"§-> +'k2—m—_l._._,_
. 1 1 + }\18

L , .
i, = 3 wt'g 2 r'q d r?
, 2 2, <
R!? :

il

wio

' 1 A, 2
= k%3 atxla 1n (1 + >_ L
8" NG

1 1+ Ala //

*Two typographical errors appearing in Betz-Helmbold's re-
port (reference 2) have been. corrected,
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This affords a presentation of the - (cg, ni)'-curves relat-

ing to the different A by means of the parameter 5
provided thdat the ratio of contraction .%% is known, It

is computed by means of the so-called '"contraction equation!

1 K w, !t th-

..___E._..,_P__-:c(l__..___> (21)
AN

Ky Ky r! w r'tnp

where € 1is the previously cited, assumedly constant
guantity, and Kl denotes tane ratio %f%L of the cross
section perpendicular to the propeller axis of an individ-

val stream tube in the developed jet to the corresponding
gsection at the propeller circle, and Ky the ratio

!
%r of a finite disk area F' = r¥ g in the developed
jet to the corresponding F = r&m on the propeller circle

and so form the relation
r! )

Y
2 / t ! 3 ®
K, = tt 7 / [ 22l qrv or K, = % (l - X 3)
2 . / K 1 2 k. O 1! (82)
0 1 =
from equations (21) and (22), k, and K, can be agscer-
tained as functiong of r' with the parameter G, The

guartity € 1i1g finally obtained when K, and K; are in-
troduced in equation

R
[ 1 a Ka ™
‘ ! w,! — -~ w,'" 2 y2r!gdr!
/ <d T e K1 bRy A
0
R!
= /} (2 r! wy, Wt' + wa}a - Wt‘a) 2! mdor' (23)

.]o .
which is obt;ined when the total propeller thrust is once

expressed by the momentum equation through the velocities

in the jet and once by means of the Kutta-Joukowsky theorem
through the velocities at the propeller circle itself, Hav-
ing computed ¢ therefrom, the K, taken for this C and
r!' = R' 1is the desired contraction ratio, The result{ is a

generally sufficient approximation
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2 R S , A
(20 (02 1) k 22 AZ in <1+ )
‘R4 S e e S o
: L
' ' (2%)
with C =1 4+ ———rt
i, - 2ig

4, COMPARISON 0f THE RESULTS OF BOTH METHODS

Of the two methnde for computing the induced offi-
ciency of heavily loaded propellers, the approxzimation
process of section.2 is by far the siupler, Bosides the
obtained formulas admit of a plausivle application %to the
casc of finite blade number (referecnce 3), It ig tacre-
fore significant to state that the results achieved by
this method are in surprisingly good agrccuent with the
data obtaired by the Betz-Helmbold theory, At first it
will be shown that both solutions in the vicinity of three
ligiting cages are in agrccment:

a) Light loadiuns (9 O and 1, 0, respectively,
(reference 2, p. 8)): Tae development of m; and cg in
equation (%) or (11) for arny firxed A accordingz to the
powers of ¢, gives:

3 3 3 1\
Ny = L - =+ ..., c, = =2 ¢ I = A7 1In /l + —\1 + ...
i P s : N 2/ |

Likewise, the expansion of equation (18) to (20) with fixed
A, in powers of ) gives

T Rt 2 r - 2 1 \
Ny = 1 -~ ==+ ..., c_ := (——) 28,01 o in <1 4+ —— Wﬂu.
13, 3 [} \R 4\ lL 1 }\12,_| }

if the relation k =1 + ¢,(...) + ... following from
equation (1l8) is taken into consideration. For ¥; —s0,
Wwy! —>0; then the contraction cguation .(21) nives ‘
1 1 R!?
== C and hence — = 1, Accoriingly, the (physi-

1 2 - .

1
cally plain) relation %r ~ 1 for lightly loaded propellers

gives
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1
Ce ~ 2 & "1-7\21n<1'+-——_!
AE /)
Thus, both solutions give in first approximation
2 1
cy ~ 4 (1-—'ﬂi) _lljl.—?\ ln <l+->\-2->:!

b) Small coefficient of advance (AN —>0, (reference 2,
p. 15)): In this case eguations (7) and (11) give for
fixed 9d:

Ny = . cg—>2% + 4% for A —>0

The Betz-Helmbold solution for fixed &, gives for AN =0
according to equation (16):

1+ 8,/2

1 + 61

k —>

and according to equations (18) to (20):

1 R'\? . 2.
’f}l——>—-—--—-5— s CS——><§_ (2 v, + 2"51)
1 .
1l + —= -
2
cwy ! .
For vanishing efficiency —> 03 for it equation (21)
r!w
Y
gives
1 1 ’ ,\2 1+ 1\11/2
-—= — = 0 and hence <'_V = — ——
K, Ky , R 1+ v,

to small coefficient advance gives
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2
~ 2 61 ﬁ-ﬂl

Cs.
Hence both solutions give for A-——a-O in first épﬁromea:
tion _ » i
c ~4(1—'ﬂ1)
S 2
| M~
! c) Great coefficient of advance (A —> x) To show
the accord of both solutions at high coefficients of ad-
vance, we first develop equation (12) for fixed & accord-
ing to the powers of % and obtain- terms of higher than
szcond order Vbeing disregarded in L.
2(2 - my) (/M1 )?
Cy ~ = | == (25)
Ni A
The corresponding expansion of the Betz-Telmbold quantities
: 1
for fixed 61 in powers of —— gives according to equa-
A
1
tion (13):
: 1 4+ 9, 1 4+ A,2 1 1 + 9
£ = R N ARG
131 Al 1 1
5
=1"‘"-l 12+u.oot-
. 2 }\l
which, written in equation (18) to (20) for cg and mnj,
glives: :
3
\ 1 el §
T2 1
'ﬂi: —+(oo-);'_'£+ s e 0
1 + 9 AL
b (28)
R 2
com (B o, 6 r 2y 4, ]
A, 2 J
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Wit
For A, —> o, —_— > rm——; and equation (21) yields:
r' w 1+ 81 '
Y
1 + ¢ '
K, = K, = = 1, nence C = 1 and E— = 1, Accordingly,
C + 9, R

the use of the (physically plausible) relation %& ~1 for

higsh coefficients of advance yields

-

c ~ 3

s 1

T (27)

-
4
,}\3

9
(1422
NI

A

From equations (26) and (27) tlherefore follows:

in accordance with equation (25).

In order to obtaian a further basis for the order of
agreement of both solutions, various (cs, M:) curves

were computed by both methods, For instance, the values

of A, mi, and ¢4 were computed for A= EL7\ = 1 and

. . R H
a series of ¥, valuss by the Betz-Helmbold method with
equations (17) to (2C) and (24). The results are indicated

as solid curve marked A!' = 1 in figure 5, Then the cor-
respoading wvalue Cg for each thus computed pair of A,
My Wwas computed according to the approximation. (equation
(12)) for comparison, The result, the dotted curve :A!' = 1,
ls shown in figure 5., The same calculation was repeated
for A' = 0.5 and A' = 2, In both cases the (cgs ni)

curve obtained by Frandtl's approximation (dashed curve,
fig., 5) manifests a surprisingly good agreement with the
(cg, My) curve (solid curve, fig, 5) computed according to

the Betz-Helmbold method,
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THE INDUCEﬁ EFFICIENCY OF OPTIMUMN PROPELLERS
HAVING A FINITE NUMBER OF BLADES*

By K. N. Kramer

SUKMARY ’

The load coefficients cg and cy related to an in-
duced efficiency T3 are in part determined by exact cal-

¢ulation and in part by interpolation for 2, 3, 4, 6, and
.8 blades and any coefficient of advance A, The results
are presented in two charts, figures 8 and 9. )

v

1. INTRODUCTION

The highest possible induced efficiency m3 for free-

running propellers can be computed from the assumption of
optimum circulation distribution and vanishing profile

drag as the ratio of effective to input power : S v : N,
Its importance in the evaluation of the gquality of con-
structed propellers as in general considerations about the
energy balance of an airplane is similar to that of the in-
duced drag of a wing with elliptic 1lift distribdbution, Now,
the majority of formulas used in practice are based on the
assumption of light loading and infinite blade number or
else involve a subsequent conversion to finite blade num-
ber by correction factors based on the premise of small
coefficient of advance and requiring a discussion of its
range of application., But, as airplane speeds increase,
i.e.,, as the coefficients of advance increase, the thrust
reduction toward the slipstream boundary due to the finite
blade number becomes more and more effective and so makes
it increasingly necessary to take the actual number of
blades into consideration.

Aside from that, the more rapid drop in efficiency
callg for formulas which promise adequate correctness down
to my = 0.50,

*"Induzierte Wirkungsgrade von Beét-Luftschrauben endlicher
Blattzahl." ILuftfahrtforschung, vol, 15, no., 7, July 6,
1938, pp. 326-333.
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The reasgon that these improvements have not been car-
-ried out simultaneously until now, is partly due to the
fact that, while the solution of the optiuwum circulation .
distribution rests, according to Betz (reference l),on a-
simple physical stateuent, the evaluation in conformity
with the solution of Goldstein's potential problem (refer-
ente 2) for finite blade number becomes more troublesome
and wearisome as the coefficient of advance becomes great-
er,  Furtanermore, the so-computed digtribution is, strict-
ly speaking, optimum only for light blade loading, while
for tne thrust and performance coefficients of heavily
loaded propellers, there exists only Prandtl's approxima-
tion (referemnce 1), and for the infinite-blade propeller
only the Betz-Helmbold theory (reference 3), which is di-
rectly applicable to finite blade number, The basic pfﬁn—
ciples of the last two have been described in the preced-
ing report by F. Ldsch,

In view of the marked agreeaent of theée results down
to m; = 0.50, the same process is to be followed for fi-

nite blade number, The thrugt formula (refercnce 4, equa-
tions (11) and (8)) is suitably transformed for finite
blade number

8(1 - m3) 5y B8(L - ) e

) == e ———— -+ (l'l)
S 31 2 52
and with it the. formula for the power loading:
2
c 8(1 - m3) _(z) 8(L - myJ (z)
S 1 - i
‘vT @ T Z gy T 3 Ly (1.2)
B ¢ My Ni
Jereby the optimum circulation distribution
v : : 2
® - b d
g(Z) . g_( ) - % - (1.3)
2 2
o )\1 +~X
. ()
replaces & and
L .
m
K
x(2) /1 r— 3 x (1.4)
m,n /. 2 2\n
‘o (>\i + x7) :
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o

(=) : . : . , :
replaces Ki ne The factor « is as in Helmbold's report
B,
(reference 5) called "average factor." It gives the ef-

- ; . %
fect of the blade number 2z and depends, like g( ) on
the location x = r : R of the propeller elenent and on
the "induced coefficient of advance:!

-

Ay = — (1.

[
~

For infinite blade number (reference 4, p. 323), the fuic-

ticn is K = 1 a=nd the integrals K{f% are intearabdle,
For ingtarnce, it ie:
(m) i 2 1
K, =311 -2.% 1n <1 )] (1.6)
2L * A2/l
() 1] 1 2 1 \7
Koo = E L+ 1 R <1 N N, ° )‘ (1.7
L+ '
A |
L 1 J
‘ : (z) .
According to Goldstein (reference 2), & sitould be com-
puted for finite blade number for each =z and Ai’ and

K computed tuerefrom according to equation (1.3), and

‘o )
then K;f’ and gé:) defined by planinetry,

In the following, the already available calculations
for the two-blade propeller are first extended to cover
any ereat coefficient of alvance (section 2). Then it is
attewpted to forezo the rest of the calculation for other
blade numbers and to ascertain the integral values direct
by interpolation (section 3). In conjunction with a fur-
ther method of interpolation, 1t succeeds in presenting )
the entire results in a practical chart (section 4), which
gives, aside from the unavoidable efficiency drop due to
the axial energy of tae slipstream (axial efficiency Na
of elementary jet theory), the induced propeller efficiency
for 2, 3, 4, 6, 8, and © nuwmbsr of blades (section 5).
Then the gain in efficiency due to increased blade number
is immecdiately apvnarent, One particular advantage accru-
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ing therefrom is that the effect. -of the profile lift/drag

uratiOuwf,¢W(assumeiwgpgsgggpugxgnttpe blade) on the effi-

P 0 Sl T T
ciency is aporoximately independent from the number of
blades, as will be proved in a later report:

"2, CALCULATIONS FOR THE TWO-BLADE PROPELLER °

The starting point and at the same time the major
part of the whole task lies in the solution of the optimum
circulation distridution g(‘) (x; 2;). As this involves
the use of séries of Ressel functiouns, Which for the most’
are available in tables for even bat not uneven 1z, the
majority of evaluations- iad been made only for the two-
blade propeller rather than the much wmore common three-
blade propeller. Such distributions were availablex

1 1 1

a) for A, = ==; —=;.,,..;=—; — (Goldstein (reference
10 9 2
2, p. 450));
1 : '
b) for Ay = l; i; =; §; l'-; 2 (Lock-Yeatman (refer-
5 4 3 5 2 8

ence 5, p. 25, table 7)).

The latter - based in part on Goldstein's interim re-
sults - Adre the result of a gseries transformation improving

tne convergence and for that reason are slightly different
from Goldstein's figures especially in proximity-of the
blade tip. But at the very tip (x = 1), Goldstein as well

as Lock would have found & = -0.024; -0.046; -0.059 for
A, = l; l;‘k as 1s readily proved, whereas a simple physi-

o5 3 2

cal consideration callsg for..value zero, Jjust as the circu-
lation disappears at the edge of a wing of finite span.
dence the error, which in the tables cited under a) and
b) amounts at the.blade. tip to 3; 8%?’lszercent,of'the
maximum circulation, rests on the inaccuracy of the con-
stants involved in the series of Bessel functions, computed
by Goldstein as variaﬁles in a system of infinitely many

*These tables contain the optimum distribution &, respec~
tively 1indicated by I w/m w v, ot Kk cos® for ‘agrceing
arguments x': A3, indicated with y and cot &, .re-
gspectively. : :
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linear egquations. No doubt the error decreases from the
blade tip inward, but its rate of decrease is not summari-

ly predictable, neither is the errect on K(a) and Kéz)
31

at which the outer blade zones enter more heavily than the
inner zones, nor the extent of impairment of the interpol-
ation in reference 6, p. 17, table 1,

Either Lock's or Goldstein's calculating method would
have entailed too much paper work for coefficients of ad-
vance of 1 or more, Further series transformations togeth-
er with a sultable premise for the solutions of the equa-
tion systems involved made it possible to carry out the
calculation of G for any othetr high coefficient of ad-
vance and any number of blades with greater accuracy and
in less time, Neither the derivation nor the calculating
procedure can be discussed here. But the results of the
evaluations made so far shall be published,.

Table I gives the optimum circulation distributions
for the 2-blade propeller, while figure & shows various
related optimum distributions of the infinite-blade pro-
peller for comparigon, The correlated infinite equation

systems for Ai = % and % were solved anew , the values

in the table cited under b) corrected accordingly and the
intermediate points obtained by accurate plotting, In ad-
dition, all calculations for all arguments were carrie¢

through for Xi = l, 1, and 2.5, A remarkable confirmation
was found for the values of A; = 2.5 through the approxi-
mation for great coefficients of advance following from
the expansion of g(g), in powers of %: ' l
S 3~ 2 .
2 x 1 - x [ 1 2x +1 17
- DY 2 A Y 4J
i L i o i

The daiscrepancies over the whole radius were less than 1

oercent for A; = 2.5, The first term of the expansion

coincided with the solution - known through conformal
transfornation - of the potential problem of rotating
strip for infinite coefficient of advance.
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(a)

TABLE I- Optlmum Clrculatlon Digtrivution (%
o S for the 2 Blade Propeller )
x o= A =L | - L n = 1.0 A = 2.5
1 4 i w UL o i ¢ 1 ’
0.1 0,232 0.164 0.0919 0.0283 0.00494
.2 . .418 .303 | +,1758 . 0552. - . 00974
.3 .548 .4l2 | ..248 ~.,0795 | ,01415
A .629 488 | .297 .0999 .01806
.45 . 655 .510 - .1082 .01975
.5 .B71 . 528 .331 1155 - .02124
.5 — .879 | . .540 - 345 .1239 | .02342
L7 | Lesa 517 .338 ~.1245 .02423
, :
, 75 | .e23 | 493 .325 1213 ©.02396
; ‘ .80 .E£80 .457 .305 L1155 ‘ .C2310
.85 .528 i .413 | 275 1051 .02147
1 90 | 449 351 | .235 0919 | o187
i 025| .s95 | .31l - L0817 .0158
I .95 .329 260 | .17z | .oss7 0141
5 975 | - 19 - | .oser | .oios
Guax=| 679 | 1540 | .545 125 .0242
- ) Table II gives the average fTactor &k defined by
L equation (1.3). It indicates the ratio of optimum cir-
J culation for. z = 2 to that for =z = ® for equal coef-
il ficient of advance and efficiency on corresponding blade
: radii, or more explicitly: the ratio of average axial in-
terference velocity W, (in time rate) benind a 2-blade
propeller to the (constant in time) interference velocity
i
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at the s‘a‘me point behind a propeller of infinite number of
blades. For high coefficients of advance, equation (2.1)
affords the approximation g

o oo J1 - x2 [ 4 x2 -1 1 »
e T ke D 1+ —E— - : (2.2)
m X L o )\i = '
TABLE II - Average Factor K = g(z) : Q_(OO)
'\f AEON ‘FL : for the 2-Blade Propeller
A‘:/E
Sy }\1 _
1/4 1/3 | 1/2 2/3 1.0 2.5 o
X

0.1 1.682 | 1.987 1 2.390| 2.62 | 2.858 | 3,092| 3,167
.2 1.071 |1.146 | 1.274| 1.35 | 1.436 | 1,532 | 1.559
“{/’)2 i _?L/I . ¢ Yoo
.3 929 |- .920 1 .927| .940| .983 097 | 1.012
4 874 | .823 1 7501 .733| .724 .724 | 729
: ' K55 S
.45 .857 | .790 - .56568 | ,343 .630 | .832
.5 839 | .762 | .683 | .s8l2| .577 | .552 | .551
4T sl | ‘ 1o
.3 . 79%7 .705 .585 .b22 L4568 . 430 .424
7 wzw | .szs | .s10| .aaz! .3vs | .333| .325
| 35 : 1!
.75 .692 | .591 489 | 399 | [BB7 .290 | .281
.8 sxv | .szv | apa | .3s6 | .296 | .249 | .239
.85 574 | .a77 | 372 | .z10| .283 | .207 | .197

R . 08 -
.9 Jaga .%99 .307 | .252 | /205 | .183 | ,154
.925 | .424 | .351 - .22 L177 L1z9 | .131
{LS”A/ Yol
.95 .352 | .292 | .220 | .182 5 112 | .105
975 - 21 - .13 102 078 0753
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The first term supplied in figure 7 the. boundary

»p01nts of the parameter curves on the ordinate axis

(L:r; = 0),
those-boints.
tion of g(a)

above the relative abscissa for the different parameters
X and compute g in equation (1. 3) Thus, it is seen

the second term the curvature parabolas-at
This diagram allows an exact interpola-

to a prescribed A ;: read the prdinates

that the distribution for 'A- =

i
more accurate than that for Ay

01ted under b) 1s much

oo
[N L

and requ1res only

minor changes for the extreme blade points,

The two columns for (a) and Kiz) in table III
are the result of planimetration. The following are prac-

tical approximate formulas for all coefficiente of advance:

(2) 1
K,p' = = (2.3)
and
(2) N
Koo = " (2.4)
24+ 2N + 32N + 32 A,

The premigse for these so posed that they glve on the
one hand, tne correct values 1/2 for A; = O and, on the
other, agree for Aj—=—> o= in the first terms of the series

_expansions -with those -following from equation (2.2)., Through

choice of the middle terms in the denominators, equation

(2.3) gave as maximum relative error +3 percent at Ri = %

and -3 percent at Ay = 3, while the values in equation

(2.4) arec 5 percent too low at Ay = %,A As first.épplication

and 2,0 weré inter-

polated by plotting the differences between the exact val-
ues of the table and the approximations from the above
formulas,

) (%)
(%) k2 (z) Fso

31T @ O Ve T T (2.8)
31 KSB
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TABLE.iII;;‘Integ;al'Vélues a@dﬂEqui&alence;FéCtors

for the 2-Blade Propeller

() (3) _ | o (e) 5] by R
MNoF O Ksl‘-zz 4 Ksz T Ysl = =T Yse T TT;T :
S . Kyy _ ksz :
0 0.5 0.5 . 1 1
1/10 410 | .zeéﬁ' © 0.860 0.854
1/9 98 - | .578 -~ .ea2 | 0.837
1/e | Lsss . zen ©.824  ¢.819
1/7 368 3AL . +800 0.792
1/s 345 312 C.7ss | 0.753
1/5 313 L2t | 720 . 704
1/4 270 222 656 631
1/3 L211 156 . .567 . .532
1/2 .1353 L0807 453 . 408
2/3 .0¢gle L0436 . .385 %- . 335
1.0 ;0493 0151 | 321 . .268
1.5 | ,oé45 L0043 .283 | .226
2.0 | ..o0l44 .C0158 2591 .210
2.5 |- ,00952 .000689 263 202
ereat |eq. (2.7) | eq. (2.8) [ eq. (2.9) | oq. (2.10)
. e 2 0 0.25 - . 1875

Table III also contains the "equivalence factors! for
z =2, 1i.,e., the ratio of the planimetric integral values
for the 2-blade propeller to the integral computed from
equation (1.5) or (1.7) of the modified jet theory by the
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same argumént ANi. An infinite-blade propeller with fixed

+~.A. relative to induced efflclency My  is "equivalent! to
a 2-blade propeller (of idéntical™ swept ~disk area) whose

thrust and performance coefficients are smaller in g ratio
which, according to eguation (1, l) or (1.2) by small load-

ing (mM; = i) is equal to 2) and with 1ncreas1ng load
(nim~—;0 50) shifts toward W( ); But to read therefrom,

equlvalence respectlng thrust and power for dlfferent
swept-disk areas is not absolutely expeilent since either
the engine r.p.m, or the coefficient of advance of the
blade tlp mugt change with the dlameter

At 1ast the curves of constanv induced efficiencies

can be computed. Starting with a sequence of values Ai

for which the integral values are read from table III, the
values computed according to eguation (1.,1) or (1. 2;,re—
spectively, then belong to the coef fficients of advance

A = niki and later mlve_the‘parameter curve .ni = const,

in a double logarithmic (k, cs) or (A, cl). chart, re-

‘spectively, Note the axis of abscissa, 2z = 2, in fig-

ures 13 and 14 to which the plotted chart corresponds,

For X = 0, but my # 0 would be A3 = O, hence

B
I
=
g
2]
[
it

Hence, the parameter curves approach in the logarith-
mic chart left-hand horigontal asymptotss,

'

Actually;.however;, ﬂi = 0 at static thrust; %i =

lim 2 # 0 and cg becomes infinite, so that these asymp-
My
tote values have no significance for the evaluation of the
static thrust itself.  But they do prove useful in an ap-
praisal of the conditions at nonvanishing coefficient of
advance , because the just-cited equation rests on the
premise of vanighing twist and uniform axial wvelocity dis-
tribution across the jet sectiom, It is identical with the
well-known formula for the axial efficiency
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n, = 2 o (2.6)

1 + V1 + ¢

. ' - S

and gives the efficiency decrease unavoidable for produc-
ing a certain thrust, Accordingly, reading the efficiency

for a certain c¢g (or c¢.) in figurel3 (or fig,.,14) on

the left-hand horizontal asymptotes, it corresponds to the
simple jet theory. But a more exact theoretical upper lim-
it for the free-running 2-blade propeller would be a gsmall-
er efficiency to be read with the same ordinate over the
pertinent efficiency, The difference of both indicates

the highest possible gain obtainable by the most ideal
guide apparatus behind such a one without enlarging the

jet section and by equal postulated total thrust (or equal
power input of propellers).

Ag the coefficient of advance increases, the gslipstream
twigt as well as its nonuniformity, because of the finite
blade number, effects an always greater decrease in effi-
ciency., A thrust formula for 2z = 2 could be evolved
from equations (2.3) and (2.4) suitable for all coefficients
of advance, but which would be guite cumbersome and become
of the 6th order in m;.

On the other hand; equation (2.2) affords the follow-
ing simple beginnings of series expansions which are suit-
able as approximations for great MN;:

1 1
2 .
(2) = erein " S PR (2.7)
16 7\1 48 7\i

(2) 1 L
ng = — + s 00 (2-8>
32 N, 32 A
. 1 1 )
'Yii) -+ == t L e (2'9)
3 3 .
'Yéz) :—': + 5 +. s e e 0 ' (2'10)
15 g5 A '
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e [ ﬂi) ¥ “1(5 My ~B)Y. - ;
Cy = = e s +',.,] (2.11)
2 z'_L ) CeaF 4

15—‘ﬂ1 (i : ﬂ{(S'ﬂi n‘é) N ﬂ]
2N% L 6 A2 | '

€. = (z.lé)

The equations obtained by omitting the points are practi-
cal to coefficients of advance as low as 1.5, At Ay =

" 1.5, K;i is obtained from equatlon (2.7) only 4 percenf

too low, while the error of ¢y in equation (2.11) is
even less than that,
In first approximation, the factors before the brack-

ets should be used. Then the curves of constant efficien-~
¢y approach toward the right, straight lines with the pitch

-2. M3 is ambiguous function of c¢g; the maximum values
c 1 )
s max T —T7 2.13

8 A\® (

give m; = 0,50,

Only the efficiences above 50 percent are of practi-
cal s1vn1ficance- : A

l ~ N
:ni* = - .é- /l - B A2 Cq (2.14)

Wi+

the * sign serving as reminder that the egquation is cor-
rect only for great coefficients of advance,

3. FIRST WETHOD OF INTERPOLATION TO ANY BLADE NUMBER

Proceeding from the exact calculations for z = 2 and
z = o , the 1ntegral values can be accurately interpolated
without determination of the circulation distributions for
arbitrary blade number, by combining two ideas, one of
which affords information for very small, the other for in-
finite coefficient of advance. Optimum circulations were
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already available for 2z =3 and =z = 4, some earlier
computed by the DVI, "§ome tabulated by Lock-Yeatman (ref-
erence 6, p. 26). Since both calculations proceeded from
simplifying assumptions apt to produce increasing errors
as the coefficient of advance increases, the discrepancies
in these tables are considerable, . They are therefore used
only up to medium coefficients of .advance as base for the
more exact shape of the curves to be described. For the
less important numbers of blades, 6 and 8, (reference 1)
the slightly less accurate method is used.

For small coefficients of advance, the boundaries of
the propeller vortex surfaces follow in very close sequence,
The distance of two adjacent boundary curves (more exact:
the vertical distance of the two parallel straight lines
obtained by development in the plane) is:

a = — i

VI L
2 i R
- :

and becomes small in relation to the diametef for gfeat
blade number or small A ;. This makes the flow for median

bladé zones comparable with that for infinite blade number,

and the potential flow about the edges of the propeller
vortex surfaces with a screen flow on parallel half-planes

at distance a. I, Prandtl (who originally mede these
comparisons (reference 1)) obtained his well-known approxi-
mate formula for K, and hence for G, with theam, We do

not use Prandtl's equation itself, but the statement that
at small coefficients. of advance equal K digtributions
and consequently approximately.egual-value of

W(Z)
m,n

which only

belong to different arguments for 2z and Ai, for

a 2N
—— . (8.1)
T R B '

' 2
Lo+ Ay

assumes thne same value, - It is Helmboldts suggestion (ref-

‘erence 5, fig. 3) to plot instead of A; the yalue of the

expression (3.1) on the'gbscissa, starting at the origin.
Using it as in figures 8 and 9, the valucs of 'A;  and the
abscigsa for any blade number can be obtained without cal-
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culation, - Another'advantage for the interpolation is the
finlte -abgcissa- 1ength for the infinite range of Aj.

(2) ( )

Plotting the'equlvalence figures 751 ~and Y for the

2~ blade propeller of tabla III in figures 8.and 9 affords
a pair of monotonic curve3, which closely hug the tangent
in the right-hand end point prescribed by equations (2.,9)
and (2.10), respectively. According to.Prandtl's concept,
the corresponding curves for. other blade numbers starting
at the left top corner must for a sghort dlstance follow
very closely to the plotted curve.

For 1nf1n1te coexflclent of advance, Westwater (ref-
erence 7) has derived an infinite series for K as gen-
eralization of the first teru in equation (2.2) to any
blade number by conformal transformation, which he evalu-
ated for 2z =3 and 2z = 4, As generalization of the co-
efficients of the first terams in eguations (2.7) and (2.8),
a term-by-term integration in Westwater's series affords

an even more simple series of the values

N _
<%in Kin n> * :(5?“ Kn n } for A3 = », which, for =z =1
’ . LV

and z = 2, can be interrupted after a few terms and re-
main summaple even for z = 4,

It gave for Zz =1 2 =2 2 =3 2 =42 =5 gz =8 2 =o
(A% E,)* = :256 1:16 0.0846 lim® 0.127 0,1455 1:4
(\y Eg)* = 35:2048 1:32 ,044 1i6 m .069 .0809 1:6

and hence

vy*¥. = 0.1406 0,2500 0,338 0,4053 0,51 0,582 1

31
W;g = .1025 .,1875 .264 .3183 .41 . 485 1

The related points in figures 8 and 9 are denoted
with * and constitute as exact and readily computed end
points of the desired curves a substantial aid for the in-
terpolation, A glance,especially at figure 8, reveals that
these end points are gquite close to the curve 2z = 2 and,
since all curves probabdly vary monotonically as for 2z = 2,
it approximately follows that the equivalence figures

(Z)

for the customary blade numbersg and for all coeffi-
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Ay

pe
1 o+ Ai

other words: The agfeementAin the sense of Prandtl's the-
orem still holds at high rises for the equivalence figures

Ysl, long after the related K distributions and the val-.
ues of Kgi, and Kia K,, have become markedly unlike,

cients of advance are related to -only. In

8o

Thig "fortumnate accident," however, does not appear so very
remarkable any more if expressed in more eimple terms as
follows: Tne percent thrust loss due to flow around the
edges of the propeller surfaces is largely dependent upon
the ratio of boundary curve distance to jet circumference
only. .

For t he more precige determination of the curves for
tlie 3- and 4-blade propellersin figures 8 and 9, earlier

calculations were resorted to. The maximum error for Aizzl

does not exceed 4 percent, 3By the opposite process, the
integral values can be determined with the same accuracy
and the thrust and power charts computed for each individu-
al blade number, as efiected for the 2-blade propeller,

The ratio of the "equivalent" (small) thrusts or power
for the same induced efficiency and coefficient of advance
can be directly read from figure 8; for instance, betwcen

(2) (3)

the 2- and 3-blade propellers, it is Wsl :Vsl . But in
practice the case is usually the opposite: the gain in m.
by increasing the number of blades for a fixed thrust ioad-
ing cg (or power loading c¢y) is of interest. It is

therefore desirable to combine tue efficiency curves for
all blade numbers into one chart. Unfortunately, not even
the approximate law acnieved for the equivalence figures
Y5, 1s readily transferable, Neither is a transformation

of the ordinate cg (or OL) possible in relation to the
blade nuanber, applicable to all coefficients of advance,
nor do corresponding efficiency curves for different blade
numbers lend themselves to combination by vertical dis-
placeanent., On the other hand, the set task can be accom-
plished by a transformation of the abscissa as shown in the
next section.
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4. SECOXD METHOD OF INTERPOLATIOH AND DESIGN OF THE CHARTS

_ Flgure 10 shows the most important integral values
K,7 for 1z = 2 and 2z = ©® blades. With the logarithmic
scale employed, the vertical distance of two points over
the same abscissa A; indicates the equivalence figure
Yzi), which so far guided the interpolation, Now, however,
the two curves merge with better agreement through hori-
zontal than through vertical displacement, as disclosed by
plotted tangents., A similar behavior may be looked for
for the intermediate curves 2z = 3; 4; ,.. . The horizon-
tal distance of the points of the curves which presents
the ratio of the arguments A; with equal function values

KSI, 1s therefore, even if physically not quite so logical,

a particularly suitable guantity for the interpolation, be-
cause of its fluctuation within narrow limits for any num-
ber of blades Z.

The 1e-gtls by which the points of curve z = 2 Thad
to Ye shifted horizontally to the right in a logarithmic
abscissa scale of unit 125 mm, until they merged .with curve
z = w®, have been plotted in figure 11 against the related
values Aj (scale of abscissa again according to equation

(341) as in figures 8 and 9). The result is the curve

marked 2 = 2, - The ratioc of the correlated coefficicants of
advance can be read from a further ordinate scale, For the
still missing curves, the points for very small coefficients
of advance were approximated and the correct end points for
A; = > exactly determined, The known curve z = 2 must
gradually merge with the horizontal course of the axis (z =
>, so that the curves z = 3, 4, ..., can be plottecd fairly
accurately, Further improvcaents can be made by comparison
with figure 8 and some refinements, whereby the two interpo-~
lation methods suppleaent onc another quite well, It will
be found that the presuaed law of constant abscissa dig-
placement is even much better,fulfilled if the distances are
medsured from curve 2z = 2 instead of frowm 2z =~ .

For the transference of this law to figures 13 and 14,
which already contaln the curves of constant efficiencies
for =2z = 2, it'is important that for every constant my
the ratio of A3 "be egual to the ratio of the geometric A
itself. Moroover at light loading (ny = 1), egqual val-

ues Kgi) wccordlnp to equaulons (1.1) and (1.2) have
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equal thrust and power loadihg for different blade numbers.,

A similar statement is not possible for k = cg AZ
or kl:= ct_ks; because factor A2  or 'A% is involved,

This explains why figure.l4, for ‘instance, gives the power
loading c¢j  rather than the more common power factor -k,,
‘Even so, ‘figure 14 can be used in computations with I,

since ‘ky'= ¢y A% = const., is presented by straight lines

of pitch -3, It should be noted, however, that each blade
number 2z has a different stralght line as a. result of
the absc1ssa transformation. :

Wltn increasing 1oad1nﬁ, the effect of K., may be-

coine dlsturblng* For the curve ny = 0,50, on account
of
£ (2) (Z)
cg = 8 k5" + 8 Kgp

the abscissa transformation for the function (K31 + ng)

rather taan K31 is decigive, as shown in figure 12, A
helpful fact is that the end points for infinite coeffi-
01ent of advance are exactly the same as in flgure 11,

since X_,, disappears qnadratlcally in < ) but K, -

of the fourth order. - The abscissa dlsplaceﬁentfor largs
coefficients of advance ig thus uniformly determined for

all efficiency curves by W;;, which, moreover, can be
Z .
quite accurately expressed by —————. By indicating with
z + 6

"equivalent coefficients of advance!" those which for dif-
fercnt blade numbers by equal induced efficiency Ty Thave
equal coefficients ¢; and cg, the formula may be ex-

pressed as follows:

The squares of equivalent cosfficients of advance
are, for very largs coefficients of advance, exact, nnd for
customary coefficients of advance, approximately like the

inverse equivalence figures W;l, that is, about like
<z + 3ﬂ>. At the same time, the formula (2.14), practical
2 . .

for AN > 2 can be generalized for any bladce number as:

1l 1 12
t n; = - - J/l - \2 + 123 %acs (4.1)
N 2 2 z s

T
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Strictly speaking, the abscissa transforwation is

-~ gomewhat related to the efficiency,as a comparison of fig-
ures 11 and 12 shows. But, since we proceed from-two
blades, the discrepancy is not noticeadble for less than 6
and 8, or an infinity of blade numbers, whore our inter-
est is solely thecorectical and exact figurcs are availabdle
from the modified jet theory., Moreover, while this dis-
crepancy increases with decreasing coefficient of advance,
the flattening out of the efficiency -curves lessens its
importance again, And if, in addition, the displacement

; is referred to mNn; = 0,90, as effected in figures 13 and

: 14, the error within taec rresented range remains within

the accuracy of the interpolation methods. The result for

the charts (figs. 13 and-14), which are cxact for 1z = 2,
is that the potential error in efficiency for z = 3, and
z2 = 4, will gscarcely ezceed the inaccuracy of reading.

5. USE OF CHARTS

; Figures 13 and 14 illustrate the functional relation-
ship between coefficient of advance A, Dblade number 3z,

thrust loading Cq (power loading CL) and the induced

erficiency my of the free-running optimum prcpeller,

Given, for ianstance, AN, z, ard c7, and seeking

the induced efficiency s the application is as follows:
: i op

A N : . :
“W'ZQinﬂmm the valug of , A Y fgggt on axis 2z = 2, proceed
parallel to the nex%ﬁ& raight line until reaching the per-
tinent axis 2z (= 2, 3, 4, 6, 8, or o). Perpendicular
over the intergection on the ordinate corresponding to the
given loading, read the induced efficiency . ﬂi ‘at the
parameter curves, It at the game time gives t he axiél ef -
ficiency N, at the sawe ordinate in the left-hand portion
1 on the horizontal asympiotes of the efficiency curves, The.
’ difference between M, and M3 represents the losses due
to slipstream twist and finity of blade nuxber,

1

The straight lines plotted diagonally to axes z are
not exactly parallel, but gradually straighiten out with
increasing coefficient of advance;, as stipulated by figures
11 and 12, But, within the narrow range ¢f customary coef-~
ficients of advance, these straight lines may be considered
parallel. Then the transformation process on axes 2z can

Durives.
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be simply replaced by a transparent gscale with the points
z =2, 3,4, 6, 8, », which is horizontally placed over
the chart so that its point 2 = 2 falls on the given co-
efficient of advance, - : -

The gains in efficiency,; obtainable by preservation
of the remaining conditions through increase of the num-
ber of blades,are defined from points located on horizontal
lines, On the other hand, a straight line of pitch 2 cor-
responds in figure 14 to the change in diameter at equal
values of N = hp., n = r.p.m., P = density, v = flying
speed, and 2z = number of blades, since the elimination of
diameter D from

1
cf = —— = (5.2)
D

gives

- A? (5.3)

cl—_-_....._

where the factor of A2 1ig Madelung's (reference 8) '"geo-
metric high speed." It contains only the given fixed
gquantities, is nondimensional and computable in logarith-
mic scale, for instance, by staking off with a divider,

If this is effected on the vertical straight for A= 1,
the point defines the straight of pitch 2, on which the
scale for diameter D can be marked according to equation
(5.1)., A reduction of diameter has an adverse efficiency
effeet, which may be overcome under certain circumstances
by ralsing the number of blades.

This leads back to the question of "equivalent diam-
eter" for different blade number previously touched upon
in connection with the equivalence figures (section 2).
Proceeding, for instance, from a Z2-blade propeller for a
certain condition of operation: On changing to 4 blades,
the diameter is to be reduced while preserving the quanti-
ties appearing in the geometric high speed, so that the
induced efficiency does not change, Tho construction . is
possible in either one of the charts and the results are
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identical: First, plot the point following from the given
. .~operating condition of the Z2-blade propeller, Move hori-
zontally to the left from this starting point: so far-as it
corresponds to the transition from axis 2z = 2 to axis
2z = 4, TFrom there, follow in correspondence to the diam-
eter reduction along a straight line of pitch 2 to the in-
tersection with the efficiency curve belonging to the
starting .point, The difference in height of the two curve
. pointg then indicates the ratio of the related loadings as
well as the ratio of the squares of the coefficients of
advance and the inverse ratio of the eguivalent propeller
disk areas. :

" According to the above, any degree of improvement in
efficiency would be possible by suitable enlargement of
diameter, But the adverse effect disregarded in the cal-
culation caused by simultaneous approach of the propeller
tip espeed toward velocity of sound militates against this,
It is therefore recommended that a constant tip speed be -
substituted for the constant flying speed v 1in the above
arguments, The guestionsg involved thereby are treated in
an article by E, Bock and R. Nikodemus (reference 9), which
follows.
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LEGENDS

Figure 5.~ Optlmum circulation d1qtr1but10n G alon the
blade of the two-blade propeller (solid curves) comnared

to corresponding optluum distributions for finite blade
number (dashed curves),.

s (a) (m) L. .
Figure 7,- Average factor ; i,e., ratio of

optimum circulation of 2- oldde and infinite blade pro-
pcllor for cqual induced efficiency Ay at the corre-

sponding blade radii r = R x, LT
Fizure 8,- Equivalence figure ng) - K(g),K 33
At light loading (n; = 1), this ig the ratio

of ¢y (or cl) of the Z-biade propeller to the corre-
sponding cg4 (or cl) of the cgquivalent infinite-blade
wroncller,

. . o (2) Llad L (2)
Fioure 2.- Fguivalence figure 7Y_, = ¥X_, P E g
Fizure 10.- Interral values ¥,, for =z = 2 and z = =«

Fizure 11,- Abscissas in mz (logarithmic

£ gscale with unit
of 125 mm) corresvonilinz to egual valnuecs

(2) , (= . e
K31 and laq Thre eecond ordinate scale indicates
. R co Z \ . . s
the ratio %z ) k( ) of the "egquivalent coefficients of
advance' by hlEA loading (nn = 1) +to those for which

cgual Cg and ¢y belonz to different blade nuavers

© and z at equal induced efficiency my.

Fi~wure 12.,- Abscigsas for egual values (Eéf) + P(a)) and
r (m) B . s 7
(Zhsl + Ko7 . The sccond ordinate scale gives the
i . co 2 ~ . o s
‘ ratio k( >:k< ) of the equivalent cocfficients of ad-
‘ vance by induced efficicacy mn; = 0,50,

s Figure 13,- Chart slgwing the relation boctween coefficient

dvance A, numbecr of blades =z, induced efficien-
¥ M, , and the thrust loading ¢ of the freec-run-

o

G 5 g
ning optimum propeller.

kS le

: Given: A

i

0.45-; 2 = 4; c_ = 0,09
Read: s C.950; mn, = 0,978.
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Figure 14.- Chart showing the relation between coefficient
of advance A, Dblade number 2z, induced efficiency
m;, and the power loading ¢y of the free-running op-

timum propeller.
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Figure 9.
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Figs.13,14
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PROSPECTS OF PROPELLER DRIVE FOR HIGH FLYING‘SPEEDS*

37 G, Bock and R, Nikodemus . - -

SUMMARY
X o
Since the propeller efficiency becomes so much Worse
as the tip speed approaches sonic velocity and, to an in-
creasing extent as the flying speed is higher, it is cus-

tomary to keep the tip speed from exceeding 0.85 and 0.95
times the velocity of sound. '

The induced efficiehcy My obtainable for certain

flight conditions can be defined from ideal performance
charts, The actual efficiency Ntn of a free-running

propeller contains in addition the efficiency-decreasing

S Li Cw p, .
effect of the[f??\[izgy ratio - € = —,7> Which, according
\_@ a

to model propeller tests, ranges for modernlpropeller forms
between 0,025 and 0,035 for optimum efficiency of high-gpeed

flight,

The characteristic values of engine and propeller can
(n2 g/ )1/5 y
be combined in a nondimensional gquantity - d _ P

YR

termed the "high speed of the propeller tip." Together

with the nondimensional flying speed z—, it defines the
‘ VR et ahad
obtainable efficiencies. R

The maximum efficiency at present flying speeds lies
at around 600 to 700 km/h (373 to 435 m.p.h.); by further
increase in flying speed, the efficiency drops materially
and so much-more as (ﬁb “is greater and the number of

blades is less (figs. 86 and 27).

?

The cause of the drop in efficiency at high flying
speeds is dwe—be the serious increase in twist losses (fig.

*UDie Aussichten des Luftschraubenantriebes fiir hohe Flug-
geschwindigkeiten," Luftfahrtforschung, vol. 15, no. 7,
July &8, 1938, pp. 334-339,
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28) .. Whether these losses can be effectively lowered by
counterrotating propellers or by guide surfaces, remains

¢ -

to be explained. . . N

To lower the veloqity of the propeller tip below the
customary figure of C.18 t0(0.22 in order to effect an ap-
preciable increase in propeller efficiency, involves sub-
stantially greater propeller diameters and considerabdbly
lower -r,p.m, (fig. 29). The increased power plant and
propeller weight connected herewith may make the gain in
efficiency ineffectual,.”

1. INTRODUCTION

Increased flying speed has always been paramount in
the development of the airplane. The criterion for the
stage of development is seen from the world's "speed rec-
ords, shown in figure 15, Between 1918 and 1928, the
speed rose from around 300 sn/h (186 m.p.h.) to about

450 km/h (280 m.p.h.), or 50 percent; within the next 10 s
years, it rose to 700 km/h (435 m.p.h.; or another 80 per-
cent. (In the meantime, the speed record for landplanes

has been raised to 635 km/h (394 m,p.h.) by the Heinkel

He 112.) In view of thls steady progress, toe temptatlon
arises to make soue predictions about future performances;
speedg 'of 800 km/n and more are de11n1+e1J ;8451010 Wltnln
the near future, :

The purpose of the present article is to ascertain -
the propeller drive for such high flying speeds and what
propeller efficiencies may be looked for, XNo propeller
tests for such flying speeds being available at the pres-
ent time, the arguments advanced lLiere are, on the whole,
bagsed on theoretical considerations., Tikls method has the
advantage of greater general validity than investigations
based solely upon measurements with certain propeller ..
forms, Several simplificatipns“are,,of course, unavoid-
able,

2. EFFECT OF COMPRWSSIBITITY OF qu AIR

ON THE PRODELLER WFFICI&WCY

As the veIOC1ty of fiow abproaches the ve1001ty of
sound, the drag of airfoils increases, as is known, con-
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siderably. The increase is, aside from the profile form,
_largely dependent upon the 1lift coefficient and begins.to
"become very effective at ‘Maéh. numbers -of around 0,7 {fig.
16). On the propeller, the veélocity with which the indi-
vidual blade elements are contacted (fig., 17) is the re-
! sultant v, of the velocity in circumferential direction
u and the flying speed - v, Congsequently, there must be
a distinct decrease in efficiency on approaching sonic
velocity, when the resultant velocity vr of a blade ele-
ment starts to exceed the Mach number 0,7. .This begins
first at the blade tip (vp = vR);'although the decreass

in efficiency connected with it is slight as long as this
critical Mach's number remains confined to tho tip regions
themselves, The number of bdlade elements 1ying within ad-
verse zone is largely dependent upon the flying speed, as
ssen in figure 17,

The resultaﬁt velocity of a blade element Ve is
shown plotted agalnst the distance % from the axis of

< rotatlon for various v in figure 17, all velocities be-
ing referred to the propeller ‘tip speed Vo A scale has

"been added on the right-hand side by which, for instance,
. the tip speed vy Was made egual to 0,9 of the sonic ve-

locity. It is found that, with increasing v while Vo
remains the same, élways more parts shift into the region
of high Mach numbers, At the present maximum flying speeds

v

of around =—— = 0,6 for a tip speed of vV
VR

locity of sound, the outer third of the blade exceeds the
critical Mach number of 0.7, while at.a flying speed of

= 0.9 of ve=

— = 0.8, 1i.e., at around 835 km/h (518 m.p.h.) at 6 km

(19,650 ft,) altitude, the entire blade length is within
the advance zone, Consequently, the efficiency must de-
Ccrease by increasing flying speed even if the same tip
speed is maintained,

- F. M, Thomas, F., W, Caldwell, and T, B, Rhines attempt-
ed to determine the change in efficiency on nearing sonic
velocity in relation to the profile form, the angle of at-
tack of the blade, or :lift coefficient, respectively, as
well as the coefficient of advance of the propeller on the
basis of available test data (reference 1), They found
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that the efficiency decrease becomes-less on approaching
sonic velocity even for constant tip speed with increasing
coefficient of advance, i.e., with increasing flying speed.
This is in contradiction with the theoretical treatment
cited above, Most likely, the data worked wp by Thomas,
Caldwell, and Rhines are insufficient for the separation

of the individval effects in generally valid form, as
Weinig's investigations (reference 2) also indicate,

Accordingly, since no satisfactory explanation of the
efficiency decrease through approach of sonic velocity is
possible, all velocities in the following study are, in
order to minimize the error caused by omission of these in-
fluences, referred to the tip speed of the propeller, which
at present usually ranges at Mach numbers of 0,85 to 0,95,

3. IDEAL PERFORMANCE CHARTS

Similarly to the uamethod of dividing the drag of air-
foll in induced and profile drag, the efficiency of a pro-
peller can be divided into iunduced. efficiency hi and a

quality factor {. The induced efficiency T; allows for

both the jet and twist losses, which in turn depend upon
the coefficient of advance, blade loading and tlade number
(reference 3),. Quality tE is principally a function of
the profile lift/drag ratio €,. As in the abbreviated

aoid.

airplane-performance calculation where the profile drag ™

¢, 1s assumed constant (reference 4), the ¢ ig figured
' D

as being constant. Thig method has the advantage, when
establishing the efficiency curves, of not needing to know
the blade forms, because the blades! areas do not enter in-
to the calculations, The reliability of thisg method is
1iscussed in detail in section 5. :

The propeller efficiencles obtained from tests or the-
oretical studies are usually presented in charts, the coef-
ficient of advance A serving as abscissa and the perform-
ance factor Kk or the power loading ¢, resvectively,
ag ordinate, A similar gresentation was chosen by Kramer
(reference 5, figs. 13 and 14) from which the induced effi-
ciencies for any blade nuuber and coefficient of advance
are read., His efficiencies computed for =z = o and =z = 2
blades are copied in figures: 18 and 19, with logarithmic
scalegs for abscissa and ordinate, This has the advantage
-of being able to read from the same diagram thec performance
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figure kl’ the Ubwer loading ¢y and the coefficient of

advance, since these quantltlee ars a35001ated through
X . .
Cq. = —, Slmllar cbarts are eas1¢v obtalned for otber
3 ..

bla&e-numbersr(reference 5;'f1g1,1é).
4, EFFECT OF BLADE NUMBER ON.THE EFFICIENCY

In the determination. of the effect of blade number on
the induced efficiency two fundamental cases must be dis-
tinguished: -1) Tne performance figure k may remain con-
stant during the change to a different blade number, i.e,,
the proneller absorbs, 1ndenendenc of blade number, the
same engine input by egqual coefficient of advance, cgqual
circumferential speed and egual diameter (cf, fig. 20,

ky = constant); 2) Under otinerwise identical conditions
the power input can increase in ratio to the number of
. ky
blades (flgf 2l, == = const.\.
AN 2 /

In the first case, the increase in blade number im-
proves the induced efficiency, The explanation for this
is that the losses due %o flowing around the blade tip be-
come less for greater blade nuimber becai1ge the helical
areas induced by the propeller when passing through the
air are closer together (refcrence 5). But, accompanying
an increase in blade number with a corrcspording blade

Do .
loading ( ~= = const., fig, 21>, the previously cited ef-

z
fect is counterbalanced by the rise in jet and twist losses
preduced as a result of increased blaie loading. Under
these conditions an increase in dlade number has a detri-
mental effect on the efficiency. Because in comparative
calculations based on model tests a@n increase in loading
due to reduction of propeller diameter is fregquently tacit-
1y presumed, the generally accepted opinion is that an in-
crecase in the number of blades lowers the officiency. For
equal propeller diameter and egual input poWer and correct
choice of blade form, the multiblade propsller must - as
concerns efficiency - be always superior to the propeller
with a few blades, provided the attainment of equal ¢

Y
prevails for the multiblade propeller,
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"5, THE PROFILE LIFT/DRAG RATIO

In order to obtain the actual propelier efficiency
presented in the performance charts, figures 18 and 19,
the inclusion of the profile drag. through introduct%on,of
quality factor f %s necessary, Here the Bienen~Xarman
approximate formula (reference 6) may be applied, according
to which the quality is. ' ' I

L - 20 €4 AN/M4
s S RLAL (1)

1 + = ¥ eo_ﬂi/x
5 7

¢ =

o and “being coefficients dependent upon coefficient
of advance A. Then the theoretical efficiency of the
propeller is:

g Mgn = My &
Figure %:shows { plotted against the induced coefficient

A
of advance Ai = e €

e 0 serving as parameter,
1 - .

To gain an insight in the existence of €p on actually

constructed propeller, especially in the vicinity of the
optimum efficiency value, various propsller test data were
so evaluated as to afford a connection between M and ep,

the latter were defined according to egquation (1). As for
example, the evaluation of a British test (reference 6) is

shown in figure 23, Tne relative coefficient of advance

A Y : . . oo

X. was chosen as abscissa, %o denoting the coefficient

o) : - -

of advance at which the thrust for the momentary blade set-
ting H/D Tbocomes zero. Tae ratio of m to Myayx Of
the particular blade setting and the ¢ computed from the
efficiencies served as ordinate. At the blade settings of

nigh-speed flight in vicinity of the optimum gfficiency,
the €p lie between 0.025 ond 0,035; tne resnlts from other

propeller test data are similar,

The following calculations, devoted to optimum effi-
ciencies only, were therefore carried out with €P = 0,083.
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-8, THE HIGH SPEED OEvTHETPROPELLER TIP

The characteristic figures of an engine are the power

¥, the vroveller shaft r,p.m, =n , and the air density p,
These quan£ities can be combined in a term =n? E, which
follows frow the poweéer equation i
i Nk
ky = ' _ (2)

p/2 E—EE u®
' 4

i

when the propeller diameter D and the circumferential
velocity u aro eliminated through the relation

v
u R
D= —— andi u = (reference 7)
™ n SRS
v/l + AnE
It ig:
1/8 1/s5 Vg
(2% W/p) = (ky/8 T)  ———— — (3)
1+ A%
This expression has the diwension m/s, It is closely
related to the mechanical velcoity developed by Madelung
(reference 8), Since, as explained in section 2, the

speed of the blade tip for the conventional alrplanes of
today fluctuates only little, it appears gquite suitable
as reference quantity. Then equation (3) gives in non-
diuaensgional form,

1/s ‘
(n® N/p) 1/5 1

v, = = (k¢/8 ™) - p—

v
R J1 o+ A%

(4)

which depends only on the characteristic values of engine
and propeller, and in the follOW1ng is termed "high speed
of the propeller tlp. '

. For predetermined characteristic engine values and an
assumed tip speed of the propeller Vg the high speed
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vp is quickly obtained from chart, figure .7, .It. ranges
between 0.18 and 0.22 for the modern engines,

Choosing a certain flying ;peed g; réferred to tip
speed. Vg the relation ®
v A
ENrecy

gives the coefficient of advance A, For a certain Up

then, equation (4) affords for each A a certain power
figure kg, ~which is coordinated to a certain Mtn  ©OF

Ny s respectively. The efficiency curves in figures 25
to 28 were computed in this manner,

The "high—épeed of the propeller tip" is related to
the "speed-power coefficient”

0 1/5 /
C, = v <-—-—\ = N8 m/ey) '’ (5)
o/
o N n
of U. 8. reports, by virtue of
(n? ¥/0)% 1 v |
U'O = E=JE (6)
= Vo -Cs VR

Since the U, 8. value Gs contains, besides the charac-
teristic values of the engine, the flying speed v, 1t

ig less suitable as reference quantity for the present
study than the "high speed of the propeller tip. "

7. PROPELLER EFFICIENCY AT HIGH FLYING SPEEDS

Figure 25 shows the induced efficiencies plotted
against the nondimensional flying speed v/vR for z =o
blades and the high speed 0.15, 0,20, and 0.25. " The fly-
ing speed v is given as added abscissa in case the fly-
ing speed vy amounts to 290 m/s. This corresponds to
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.a Mach number of around 0,9 at 6 km altitude where the
__sonic velocity a 1is approximately 320 m/s. The shape of
the ‘curves indicates a maximum of-the efficiences, which
lies about at "the presently reached top speeds, Increas-
ing the high speed of the propeller tip effects a vitiation
of the efficiency over the entire speed range, The reason
for this is that, for equal tip speed A4 and otherwise

lidentical conditions, an increase in high speed involves
an increase in r.p.m, and conseéquently a reduction in pro-
peller diameter and in the volume of air grasped by the
propeller, ‘The efficiency decrease at high flying speeds
makes itself felt especially vitiative at high speeds of
propsller tips, because then the decrease starts so much
sooner,

The finite blade number effects a further decrease in
efficiency, ags shown in figure 26. The effect of blade
number increases with the high speed of the propeller tip
and the flying speed, The greater decrease in efficiency
at high flying speeds is attributadle to the increasing
flow around .the outer parts of the propeller surfaces,
which isg particularly great at high coefficients of advance
(refecrence 5),

The introduction of ¢, in the efficiency (fig, 27)

effects primarily a parallel displacement of the efficien-
cy curves, For the modern high speeds of propeller tips,
the efficiency of a free running, 3-blade propeller amounts
to at the most MNip = 0.83 for flying spsed v = 800 km/h

(497 m.p.n.), if the admissiblc tip speed is assumed at
vy = 290 m/s.

The optimum efficiency at Mip = 0.87 lies at a fly-

ing speed of about 5BC km/h (342 m.p.h.),. If it wers pos-
sidble at 800 km/h flying speed to reduce the high speed of
the propeller tip to v_ = 0,15, a theoretical efficiency
of Mgy = 0.91, i,e., ak 8 percent absoluts efficiency im-

provement could be - achieved. The importance of redubing
the r,p.m., for high flying speeds while maintaining the
tip speed ig plainly observed,

A survey of the efficiency losses fo:'the 4-blade pro-
peller and Vp = 0.20 is presented in figure 28, The zone
marked a indicates the losses due to profile drag; zone b,
the losses due to finity of blade number. Zone ¢ Dbordered
by the induced efficiency N3 and the axial efficiency My,
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for the 2z = .w blades, is a criterion for the twist losses,
They are chiefly rospons1ble for the material decrease in
efficiency at high flying spoods. “Whether or not it is
possible to c¢ffectively lower the twist losses in this zone
by using éounterrotating propellers or by proper guide ap-
paratus, cannot be decided from theoretical investigations
alone, : :

The propeller diaumeters D for certain cha"acterlqtlc
engine valups undier the cited assumptions and flJlng speeds

at Uo = 0,15 and 0.20 are given in figure 29, The tln

speed was chosen at 290 m/s equivalent to an air dens1ty at

~

0 km and a Mach number of 0.9,

Then the assumption of an engine output ¥ gives the
engine r.,p.m, for any high speed of the propeller tip Vpe

The propeller diameter follows ar*er combining equatlons
(2) and (4) as:

7d® W 1 ¥ (vp® - v®)
Fp == e TS e = = N = - 5‘ = (’7)
4 P 4 vp vy (1 + A7) P 4 mVL,T vy

or, if for the gquoted cuantities (N, p, vq,'vp) the r.p.m,

is determined fron Voo

ar

=”‘f3 - v® ' . (8)

The propeller dianeter decrceases, as is seen in fig-
ure 29, with the flying sveed. Its size is primarily gov-

erned by v and N, For instance: the propeller diam-
eter at 800 km/h flying speed and v, = 0,20 ig around

v
.5 meters for a 1,000 hp. engine, dbut 4.5 neters for a
3,000 hp, engine, whereby the r.p.m., drops from 1,390 to
800 r.p.m, Reverting to a high speed of propeller tip of
v, = 0,15, which, according to figure 27, results in about

8 percent gain in efficiency the propeller diameter in-
creases respectively to 5 and 9 meters by a decreage of
r.p.m,. . to 680 and 390 respectively, The gain in efficiency
due to lowering the Up can taereforc, especially by great

engine power, be neutralized by the increased weight of the
-propecller and af the reduction gear of the engine,

Transletion by J. Vanier,
Hational Advisory Committee for Aeronautics,
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LEGENDS

Fig

ure 15,- Rise of speed records.

Fizure 16.- Effect of high flying speed on the profilc drag
(T .A.C.A. Report 492).

Pigurc 17.- a wsonic velocity v Tflying speed
vy tioc specd; vy = (r/R) vy
u circuafercztial speed; uy = (r/R) uy

Figure 17,- Resultant velocities v, against axial dig-

tance X,
R
Fiznre 18.- Induced efficiencies (2 = o).
Tigure 19.- Induced efficiencics (z = 2).
Pisure 20.- BEffect of blade number on induced efficieancy for
constant blade loading (kl = constant).
Figure 21,- Effcct .of blade number on induced efficiency for
. kq '
constant blade loading —= = constant
4

Firure 228.- Quality of propeller according to Bicnen and
von Karzan,.

Wumber of blades 2z = 4
H ,
Desizn pitch -2 = 1,5 (r = 0,7 .R)
: D
3lade width ratio .% = 0.0775 (r = 0.7 R)

d
t

m propeller cfficiency
€ lift/drag ratio
Jo;

Thicknecss ratio 0.11 (r = 0.7 R)

£

ko cocificient of advance for zero thrust

Fisure 23,~- Propecller cfficiencies and ¢

o
(R.& ¥ ¥o. 1673, British A.R.C.).

Pi~ure 24.- Chart for computing the high speed of the pro-
(nBN/p)l/S

peller tip v = .
p vy
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A N3y induced éfficiency ¥ horsepower
. I ) . n propeller r,p.m,
i vy = JaZ f ve, tip speed 0 air density

vp = Ju? T Ve,

theoretical efficiency

(ep = 0,03)

tip speed

- Induced efficiencies against flying speed,

N horsepower

n
P

propeller r.,p.m,
air dengity

Figure 25.- Induced efficiencies against flying speed,
(z =, 4, 3),
Mi- induced efficiency T horsepower
_ n vpropeller r,p.m,.
vp = Ju2 + v23, tip speed p air density
Figure 27,- Theorctical efficiencics ascainst flying specd,
(Z :my 4’ 3)‘
Ty @axlal efficiency n propecller r.,p.mn,
Ty Jdnduced efficiency i horscpower
Mty theoretical efficiency 2 air_density
- 5 a .
zZ blade numbdber vy = Ve oy ow , tip speed
o lift /drag ratio v flying soeed
Figure 28,- Zfficiency losses against flying speed (z = 4),

Figzure

29.- Propeller diameter

n relation to flyinz speed,
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Figs.20,21,22,25,26,27
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